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Probing barrier transmission in ballistic graphene
Daniel Gunlycke∗ and Carter T. White
Naval Research Laboratory, Washington, D.C. 20375, USA
We derive the local density of states from itinerant and boundary states around transport barriers and edges in
graphene and show that the itinerant states lead to mesoscale undulations that could be used to probe their scat-
tering properties in equilibrium without the need for lateral transport measurements. This finding will facilitate
vetting of extended structural defects such as grain boundaries or line defects as transport barriers for switchable
graphene resonant tunneling transistors. We also show that barriers could exhibit double minima and that the
charge density away from highly reflective barriers and edges scales as x−2.
PACS numbers: 72.80.Vp, 73.20.At, 73.23.Ad, 73.63.Bd
One challenge currently preventing widespread use of
graphene in nanoelectronic devices is the absence of a band
gap at the Fermi level. Without a practical band gap, other
ways to switch on and off electron and hole currents are
needed. A promising possibility is to use graphene transport
barriers formed by extended structural defects such as grain
boundaries1–11 or line defects.12–15 It has been shown that two
such barriers in a parallel configuration produces a graphene
resonant tunneling transistor with an appreciable transport
gap and perfect valley filtering.16 This approach, however, re-
quires transport barriers that are both penetrable and fairly re-
flective. In vetting potential candidates, it would be advan-
tageous to be able to probe the barrier transmissivity without
having to perform lateral transport measurements.
While it might seem impossible to probe the conduction
through a barrier with no current, we show herein that the
quantum nature of the charge carriers let us do exactly that.
We combine two properties enabled by the wave-particle du-
ality: quantum tunneling and quantum interference. Quantum
tunneling allows carriers to transmit across narrow barriers as
evanescent waves. Line defects and grain boundaries with a
limited transmission probability are examples of such barri-
ers in graphene.16,17 As illustrated in Fig. 1(a), these barriers
in equilibrium are surrounded by density undulations. These
mesoscale undulations are related to Friedel oscillations from
isolated impurity sites18–22 and arise because the limited num-
ber of wave vectors allowed by the band structure is unable
to describe sharp real-space features. We show that the un-
dulations result from quantum interference between incoming
and outgoing waves, but not all outgoing waves—and this is
the key—only the reflected waves. The undulations on the
left side of the barrier in Fig. 1(a) are therefore the same as
those in Fig. 1(b), which illustrates non-equilibrium with car-
riers originating from the left side only. This is the connection
that allows us to probe the transmission probability through
the barrier, even in equilibrium.
To understand the relationship between the transmissivity
and the undulations in the local density of states (LDOS) in
equilibrium, we express the LDOS at energyE and coordinate
x (cf. Fig. 1), centered at the barrier, as
ρE(x) = ρ
→
E (x) + ρ
←
E (x) + ρ
(b)
E (x), (1)
where the terms, respectively, represent the local densities of
states itinerant from the left and right sides of the barrier, and
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FIG. 1. Schematic illustrations of the relationship between the bar-
rier transmissivity and the undulations in the LDOS itinerant from
(a) both sides and (b) the left side, representing equilibrium and non-
equilibrium, respectively. Because carriers originating from the left
and right do not interfere, the undulations are the same in (a) and
(b), except for the transmitted side in (b), where they are absent. The
transmission probability through the barrier is related to the undu-
lations, which could be probed in equilibrium, even through no net
current flows through the barrier.
boundary states at the barrier.
It can be shown that the LDOS per unit area originating
from the left side is
ρ→E (x) =
ρE
4π
∑
τ
∫ π/2
−π/2
Tr 〈~r|Ψητ~q〉〈Ψητ~q|~r〉dα, (2)
where ρE ≡ 2|E|π(h¯vF )2 is the graphene density of states per unit
area with the graphene Fermi velocity vF ≈ 8.5× 105 ms−1,
2and 〈~r|Ψητ~q〉 is the wave function in the presence of the bar-
rier. The wave function indices are carrier type η = ±1 for
electrons and holes, respectively, valley index τ = ±1 rep-
resenting the two inequivalent graphene symmetry points K
and K ′, and wave vector ~q = qqˆ centered at the considered
symmetry point. For elastic scattering, we have E = εητ~q,
where εητ~q = ηh¯vF q assuming a linear graphene dispersion.
Because the carrier group velocity ~v ≡ (η/h¯)∇~qεητq = vF qˆ,
the wave vector is locked to the propagation angle α, defined
in Fig. 1, so that ~q = q(xˆ cosα + yˆ sinα). The scattering
is specular near the Dirac point, owing to energy and wave
vector conservation along the barrier, and for the majority of
extended structural defects, these conservation laws also pro-
hibit intervalley scattering.3,23 We can express the wave func-
tion for a state originating from the left as
〈~r|Ψητ~q〉 = 1√
2
(
1
iηeiτα
)
eiqxxeiqyy
+
rητα√
2
(
1
−iηe−iτα
)
e−iqxxeiqyy, (3a)
〈~r|Ψητ~q〉 = tητα√
2
(
1
iηeiτα
)
eiqxxeiqyy, (3b)
on the left and right sides, respectively, where rητα and tητα
are the reflection and transmission amplitudes, and phases as-
sociated with the microscopic structure has been dropped, for
clarity. Inserting Eq. (3) into Eq. (2) yields
ρ→E (x) =


(ρE/2)
(
1 + R¯
)
+∆ρE(x), (x < 0),
(ρE/2) T¯ , (x > 0),
(4)
where R¯ and T¯ are the reflection and transmission probabil-
ities, R = |r|2 and T = |t|2, respectively, averaged over all
angles of incidences, and
∆ρE(x) =
ρE
4π
∑
τ
∫ π/2
−π/2
Re∆ηταdα, (5)
describes the undulations resulting from the quantum interfer-
ence term Re∆ητα on the incoming and reflected side, where
∆ητα ≡ rητα
(
1− e−2iτα) e2iq|x| cos τα. No such undula-
tions are present on the transmitted side, where ρ→E (x) is pro-
portional to the average transmission probability.
Let us now take advantage of present symmetry. First, we
apply the parity operator Px to ρ→E (x), which leads to
ρ←E (x) = ρ
→
E (−x). (6)
Next, we note that both the valley index τ and the propa-
gation angle α are odd under the parity operator Py . The
reflection amplitude, on the other hand, is even and can be
shown to only depend on τ and α through the product τα. Be-
cause ∆ητα is also even, we conclude, as one might expect,
that the two valleys contribute the same amount to the undu-
lations. Applying the time-reversal operator T to the wave
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FIG. 2. Contours to determine LDOS around a graphene barrier. (a)
The unit circle and real axis contours account for the itinerant and
boundary states in graphene, respectively. (b) These contributions
are evaluated for a barrier with an effective coupling λ and effective
potential ε.
function 〈~r|Ψητ~q〉 yields rη,−τ,π+α = r∗ητα, and concomi-
tantly ∆η,−τ,π+α = ∆∗ητα. This allows the integral in Eq. (5)
to be formulated as a contour integral using z ≡ ieiτα. Iden-
tifying the generating function for Bessel functions of the first
kind and expressing it as a Laurent series lets us express the
undulation term as
∆ρE(x) =
ρE
2
∞∑
n=−∞
In[r] Jn (2q|x|) , (7)
where the Bessel function coefficients
In[r] ≡ 1
2πi
∮
u.c.
rη(z)
(
zn−1 + zn−3
)
dz (8)
are functionals of the reflection amplitude. This functional
dependence on the reflection amplitude establishes the con-
nection between the scattering properties and the LDOS that
enables the transmission probability to be probed in equilib-
rium. Poles within the reflection amplitude could also lead to
LDOS contributions from boundary states. These contribu-
tions could be expressed as
ρ
(b)
E (x) =
ρE
4πi
∫
C
rη(z)
(
z−1 + z−3
)
eq|x|(z−z
−1)dz, (9)
where the contour C is shown in Fig. 2(a), and have a localiza-
tion length ξ ≡ maxzp [q(zp − z−1p )]−1 with zp being poles.
Summing everything up, we obtain the equilibrium LDOS
ρE(x) = ρE +∆ρE(x) + ρ
(b)
E (x) (10)
from Eq. (1), where we have used R¯ + T¯ = 1, required by
carrier conservation. The charge density has the same form
nµ(x) = nµ +∆nµ(x) + n
(b)
µ (x), (11)
where each term is −e times the integral over the correspond-
ing term in Eq. (10) from the Dirac point E = 0 to the elec-
trochemical potential E = µ.
The expressions above follow from from the properties of
graphene and the barrier geometry. They can be used with
different barrier models.14,23–25 For illustration, we adopt be-
low a model23 that consists of an effective coupling parameter
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FIG. 3. Local densities of states around neutral barriers (ε = 0) at
the carrier energy E = 50meV that include (a) all contributions and
(b) contributions from states originating from the left. Contributions
from transmitted carriers in (b) are proportional to the average trans-
mission probability and do not exhibit undulations.
across the barrier λ and an effective barrier potential param-
eter ε [cf. Fig. 2(b)], both in units of the effective graphene
nearest-neighbor hopping parameter γ = −2h¯vF /
√
3a with
a ≈ 0.246 nm being the graphene lattice constant. The reflec-
tion and transmission amplitudes are then given by
rη(z) ≡ −1 + 1
2
[
1− z2
1 + (ηε+ λ)z
+
1− z2
1 + (ηε− λ)z
]
,
(12a)
tη(z) ≡ 1
2z
[
1− z2
1 + (ηε+ λ)z
− 1− z
2
1 + (ηε− λ)z
]
, (12b)
respectively. From the reflection amplitude, we find that the
undulation term for this barrier model is
∆ρE(x) = −
ρE
2
[
J0 + J2 −
∞∑
n=1
zn+ + z
n
−
2
(Jn−2 − Jn+2)
]
,
(13)
where the Bessel function argument 2q|x| is implicit and
z± =


(
ηε± λ), |ηε± λ| ≤ 1,
− (ηε± λ)−1, |ηε± λ| > 1. (14)
The LDOS contribution from the boundary states is
ρ
(b)
E (x) =
ρE
4
∑
∀zp∈{z±>0}
(
z−2p − z2p
)
eq|x|(zp−z
−1
p ). (15)
Further insight into the density undulations can be obtained
from the two barrier limits: neutral barriers (ε = 0) and de-
coupled barriers (λ = 0).
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FIG. 4. Local densities of states around decoupled barriers (λ =
0) at the carrier energy E = 50meV. The effective potential shifts
the undulation peaks in (a), and if positive, leads to states localized
around the barrier. The boundary states take their measure from the
itinerant states, as shown in (b) for ε = 0.8.
Neutral barriers (ε = 0): These barriers have smooth undu-
lations, owing to the cancellation of all odd order Bessel func-
tions. This smoothness, however, is concealed by the pres-
ence of a boundary state, except in the weak coupling limit
|λ| → 0. In this limit, the boundary state becomes restricted
to E = 0 and ∆ρE(x) → −(ρE/2)(J0 + J2) as |λ| → 0, as
previously found for a neutral graphene edge.26–28 As |λ| in-
creases, the undulations fade, as shown in Fig. 3, and vanish,
∆ρE(x) → 0, in the limit |λ| → 1, where there is no barrier,
and hence no quantum interference.
Decoupled barriers (λ = 0): This case also describes
isolated graphene edges. The undulations are generally not
smooth at the barrier and the undulation peaks shift as a func-
tion of the potential, as can be seen in Fig. 4(a). As ηε → 0,
we approach the case of neutral decoupled barriers or edges
mentioned above. We additionally find that the charge density
undulations for these barriers or edges are given by
∆nµ(x) = −
nµ
2q2µx
2
[1− J0(2qµ|x|)] . (16)
The predicted quadratic decay of the charge density undula-
tions away from the edge is different from the cubic decay of
the Friedel oscillations away from isolated impurity sites.19
Any quantum interference at the barrier must be destructive,
which follows from ∆ρE(0) = −(ρE/4)(2 − z2+ − z2−) ≤
0. Because the undulations are generally not smooth at the
barrier, the derivative ∆ρ′E(0+) = (qρE/4)(z3++ z3− − z+ −
z−), shown in Fig. 5(a), is not necessarily positive. In fact,
as ∆ρ′E(0
+) depends only on odd powers of z±, it is odd
under the electron-hole operator C: η 7→ −η, and thus the
signs of the derivative for electrons and holes are opposite.
Therefore, the undulations must exhibit a double minimum in
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FIG. 5. Properties in parameter space. The derivative of the density
undulations (a) at the barrier ∆ρ′E(0+) correlates with the number
of boundary states (b), a result of the boundary states taking mea-
sure from the itinerant states. The boundary states are maximally
localized at the bold cross. The average transmission probability (c)
ranges from 0 for decoupled barriers (or edges) to 1 for nonexistent
barriers.
half the parameter space [cf. the itinerant LDOS contribution
in Fig. 4(b)]. Furthermore, these barriers could appear as two
closely situated barriers. It is an open question if this is related
to the double-barrier features observed in graphene plasmon
experiments.29
The undulations near the barrier could be masked by bound-
ary states. In this barrier model, there are 0, 1, or 2 boundary
states present. Figure 5 shows that the number of boundary
states correlates with ∆ρ′E(0+) so that barriers with undu-
lations exhibiting double-minima, also have boundary states.
This is a result of measure being transferred from the itinerant
states to the boundary states, which can be shown in Fig. 4(b),
where the sum of the LDOS contributions from itinerant and
boundary states hovers around the graphene density of states.
The LDOS in Eq. (10) and its undulations in Eq. (13) and
boundary contributions in Eq. (15) can be fitted to experiment
to extract the barrier parameters λ and ε. These parameters
could then be inserted into Eq. (12) to obtain the scattering
properties, including the average transmission probability23
T¯ =


2λ2
1−ε2+λ2
, |ηε± λ| < 1,
λ
ηε+λ
, |ηε− λ| < 1, |ηε+ λ| > 1,
− λ
ηε−λ
, |ηε− λ| > 1, |ηε+ λ| < 1,
2λ2(
ε2−λ2
)(
ε2−λ2−1
) , |ηε± λ| > 1,
(17)
plotted in Fig. 5(c).
For highly reflective barriers with weak coupling and weak
potential, we could also use approximate expressions. From
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1
2
x [nm]
ρ E
(x)
/ρ E
 
 
TB(x3)
Model
FIG. 6. LDOS comparison between the graphene barrier model and
the nearest-neighbor tight-binding (TB) model at the carrier energy
E = 50meV. There are three sets of TB curves for the three barrier
structures shown as insets, each with a different barrier orientation
with respect to the graphene lattice. The highlighted barrier sites
have a potential −1.2 eV. The barrier model is computed for (λ, ε) =
(−1,−0.5).
the second order Born approximation, we obtain
∆ρE(x) ≈ −
ρE
2q|x|
[
J1 + 2ηεJ2 −
(
ε2 + λ2
)(
J1 − 3J3)
]
.
(18)
The corresponding average transmission is T¯ = 2λ2.
To test our analytical approach above, we have also calcu-
lated the LDOS numerically using an exact formalism within
the tight-binding approximation.30 Figure 6 shows the results
for three barriers with a constant potential along a chain of
sites. Although the graphene lattice orientations for the three
barriers are quite different, the LDOS contributions are con-
sistent and in excellent agreement with the barrier model.
In summary, we have derived the local density of states
around a generic transport barrier described by an effective
coupling parameter and an effective potential parameter. We
showed that the mesoscale undulations are related to the av-
erage transmission probability through the barrier, therefore
making it possible to probe the transport properties through
the barrier without the need for lateral transport measure-
ments. Rather, scanning probe techniques could be used to
estimate the transmission probability.10 This could aid the
search for suitable transport barriers in graphene, and down
the road lead to new switchable graphene nanoelectronics.
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